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Abstract 
It is natural to expect that the behaviour of some topological properties tends to improve in 
the presence of an additional algebraic structure interacting with the topology (for example, in 
topological groups, topological fields, or topological vector spaces). The purpose of this survey 
is to compare topological groups, topological vector spaces and topological fields as to how far 
each of these classes of spaces is from the class of Tychonoff spaces. In other words, we want 
to compare the degree of how much of an additional strain an algebraic structure of a group, 
vector space or field which agrees with the topology of the space imposes on the topology of that 
space. We cover selected results and open problems related to normality-type properties, covering 
properties, Cartesian products, homeomorphic embeddings and dimension theory. 0 1999 Elsevier 
Science B.V. All rights reserved. 
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1. Motivation 
All spaces are assumed to be Tychonoff by default. All vector spaces are over the 
field R of real numbers, but IR can be substituted by the field @ of complex numbers. 
All topological vector spaces are assumed to be locally convex, although most open 
* This manuscript is based on the invited lecture delivered at the General Topology Symposium held on 6 
8 December, 1993 at Saitama University (Saitama, Japan). An older version of the manuscript was included 
on pp. 75-86 in the extended abstracts of talks distributed to participants during the conference. 
’ E-mail: dmitri@ehimegw.dpc.ehime-u.ac.jp 
0166.8641/99/$ - see front matter 0 1999 Elsevier Science B.V. All rights reserved. 
PII: SO166-8641(97)00242-3 
52 D. Shakhmatov / Topology and its Applications 91 (1999) 5143 
questions in this survey make sense even for topological vector spaces which are not 
locally convex. 
It is natural to expect that the behaviour of some topological properties tends to improve 
in the presence of an additional algebraic structure interacting with the topology (for 
example, in topological groups, topological fields, or topological vector spaces). There is 
a variety of specific results which hold only for topological groups, and do not hold for 
general topological spaces. See [2,3,8-101 for the correspondent surveys. We mention 
only three results of this kind: 
Theorem 1.1. 
(i) A topological group is metrizable iff it is$rst countable (Birkhoff-Kakutani, see 
F31). 
(ii) Arbitrary product of pseudocompact groups is pseudocompact (Comfort and Ross 
[11,81). 
(iii) Every u-compact group is ccc (TkaEenko [36]). 
The author discovered many specific results about topological fields which do not hold 
even for topological groups, see [28-30,341. Perhaps the most striking result in this spirit 
is the following 
Theorem 1.2. A (pseudo)compact subspace of a topological field is metrizable. 
Note that every space can be embedded as a closed subspace into a topological vector 
space. See also Theorems 4.5 and 4.6 below. 
Finally, Tkachuk [37] found a specific result about topological vector spaces: 
Theorem 1.3. Normal (locally convex!) topological vector spaces are countably para- 
compact. In other words, a topological vector space cannot be a Dowker space. 
Contrast Theorem 1.3 with the following result of Hart, Junilla and van Mill [14]: 
Theorem 1.4. There exists a Dowker topological group. 
The purpose of this survey is to compare topological groups, topological vector spaces 
and topological fields as to how far each of these classes of spaces is from the class of 
Tychonoff spaces. In other words, we want to compare the degree of how much of an 
additional strain an algebraic structure of a group, vector space or field which agrees with 
the topology of the space imposes on the topology of that space. Since the additive group 
of each topological vector space is a topological group, topological vector spaces form a 
(proper) special subclass of the class of topological groups. Similarly, the additive group 
of each topological field is a topological group, so topological fields also form a (proper) 
special subclass of the class of topological groups. In general, the classes of topological 
vector spaces and topological fields are incomparable, but the subjective feeling is that 
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the class of topological fields is “much smaller” than the classes of topological vector 
spaces or groups. 
Quite a few open problems in this survey either belong to Professor Alexander V. Ar- 
hangel’skii or inspired by similar problems asked by him. In the last twenty years he 
and his Russian school of general topology have made a substantial contribution to the 
development of the theory of topological groups and function spaces in the topology of 
pointwise convergence (the latter class forms a special subclass of general topological 
vector spaces with many interesting properties, see [5]>. The results of this study and 
open problems arising from it are well-documented in the literature [2-51. The present 
survey focuses primarily on selective questions which tend to underscore differences 
between groups, vector spaces and fields. The emphasis is on “selective” here, because 
no survey of such modest size can be complete. 
2. Normality-type and covering properties 
Recall that a space is Dieudonne’ complete if its topology can be induced by some 
complete uniformity. A space X is countably metacompact if every countable open 
cover of X has a point-finite refinement, and is meta-Lindeliif if every open cover of 
X has a point-countable refinement. A Dowker space is a normal space which is not 
countably metacompact. 
Comparing Theorems 1.3 and 1.4 brings us to the following question which the author 
was asking privately for about 10 years: 
Question 2.1. Is there a Dowker topological field? 
While many examples of topological spaces with different combinations of normality- 
type and covering properties are well known, turning such examples into topological 
groups or topological vector spaces (not to mention topological fields) is quite difficult. 
In fact, to exaggerate somewhat, one may even go as far as to say that there are “only 
two” basic constructions of topological groups (or topological vector spaces) suitable for 
producing examples with normality-type or covering properties. 
The first one is to take the free topological group F(X) of a space X or the free locally 
convex topological vector space L(X) over X, see [ 131 and [1,27,12,41], respectively. 
However, applications of this approach are rather limited due to the fact that both F(X) 
and L(X) contain a closed copy of X’” for every n. E N. So normality of all finite 
powers of X is a necessary (but by far not a sufficient) condition for normality of F(X) 
and L(X). Complexity of the topology of F(X) and L(X) contributes to the problem. 
For example, it is still unknown, apart from some trivial or rather special cases, when 
F(X) or L(X) is normal. 
The second construction is to take a-products or E-products, which are perhaps most 
familiar to general topologists. A simple fact is that both a cr-product 
o{G,: CY E A} = {g E n{G,,: GEEA}: I{afA: g(a)#e}i <LJ} 
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and a C-product 
C{G,: eA}={g~n{G,: a E A}: [{a E A: g(a) # e}l 6 w} 
of any family {G a: cy E A} of topological groups (topological vector spaces) is again 
a topological group (topological vector space). (Note that this is not true for fields: a 
product of two fields has zero divisors, and thus is merely a ring!) So we produce the 
following two easy examples: 
Example 2.2. Let P be any topological property satisfying the following two conditions: 
(a) a closed subspace of a space with property P has property P, and (b) the space 
wi of all countable ordinals with the usual (linearly ordered) topology does not have 
property P. (For example, Dieudonne completeness, realcompactness, meta-Lindelofness 
and paracompactness could be taken as P.) 
(i) Let G be the C-product in (0, l}wl. Then G is a (countably compact) collec- 
tionwise normal topological group without property P (in particular, G is neither 
Dieudonne complete nor meta-Lindelof). 
(ii) Let L be the C-product in W”. Then L is a collectionwise normal topological 
vector space without property P (in particular, L is neither Dieudonne complete 
nor meta-Lindeliif). 
The above conclusion holds because wi is a closed subspace in every uncountable 
C-product of nontrivial (= consisting of more than one point) spaces. 
Neither the free group construction nor the C-product construction seem to be capable 
of answering the following questions: 
Question 2.3. Is there a normal topological group (topological vector space, topological 
field) which is not collectionwise normal? 
Question 2.4. Is there a normal topological group (topological vector space, topological 
field) which is not collectionwise Hausdorff? 
Question 2.5. Is there a topological group (topological vector space, topological field) 
which is both normal and collectionwise Hausdorff, but is not collectionwise normal? 
Since a C-product of fields is not a field, the C-product construction used in Exam- 
ple 2.2 cannot be applied to fields. Thus, the following questions remain open: 
Question 2.6. Is there a collectionwise normal topological field which is not paracom- 
pact? Not metacompact? Not meta-Lindelof? 
Even a weaker, normal, version of Question 2.6 is open for fields: 
Question 2.7. Is there a normal topological field which is not paracompact? Not meta- 
compact? Not meta-Lindelof? 
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It should be mentioned that there exist: 
(i) a completely regular nonnormal field [29], 
(ii) a normal field which is not hereditarily normal [29], and 
(iii) a hereditarily paracompact field which is not perfectly normal [25]. 
However, the following question from [30] is surprisingly hard to answer: 
Question 2.8. Is every topological field Dieudonne complete? 
Example 2.2(ii) provides a topological vector space which is not Dieudonne complete. 
If a topological field P contains at least one infinite countable nonclosed subspace, 
then there is a weaker metric topology on P (see [6, Proposition 1.7.10]), and so P is 
Dieudonne complete. This shows that any possible counterexample P to Question 2.8 
should be rather special: all countable subsets of P must be closed. 
3. Cartesian products 
The following “universal” question belongs to Arhangel’skii: 
Question 3.1 [2,3]. Let P be some topological property which is not preserved by finite 
products. 
(i) Is there a topological group G with property P such that G x G does not have 
property P? 
(ii) Do there exist topological groups G and H such that both G and H have property 
P but the product G x H does not have property P? 
Theorem 1.1 (ii) provides some justification to the above question: While the product 
of two pseudocompact spaces need not be pseudocompact, pseudocompactness becomes 
productive in topological groups. 
Arhangel’skii also asked the following particular versions of Question 3.1: 




For general topological spaces Questions 3.1(i) and 3.l(ii) are in most cases equiva- 
lent. Indeed, if you have spaces X and Y with property P such that X x Y does not 
have property P, usually (or more precisely, if P is preserved by finite disjoint sums and 
taking clopen subspaces) 2 = X @ Y has property P while 2 x 2 does not have property 
P. However, for topological groups, topological fields and topological vector spaces the 
situation is more complicated, due to the fact that the disjoint (topological) sum G @ H 
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of two topological groups is not even a group! This justifies considering Questions 3.1(i) 
and 3.l(ii) separately. It turns out that Question 3.l(ii) is indeed much easier to answer: 
Theorem 3.3. 
(i) There exist a topological vector space L and a separable normed vector space L’ 
such that L” is Lindeliiffor all n E N, but L x L’ is neither normal nor countably 
metacompact. 
(ii) There exist a topological field P and u separable metric Jield P’ such that Pn is 
Lindeliiffor all n E N, but P x P’ is neither normal nor countably metacompact. 
The existence of topological groups G and G’ with the same properties as in Theo- 
rem 3.3 was first noted by van Douwen in a private letter to Arhangel’skii (see footnote 
on p. 258 of [22]). He observed that a certain space constructed by Przymusidski [26] 
could be applied to yield such groups. Following referee’s suggestion to include the proof 
of Theorem 3.3 in this manuscript, we outline Przymusidski’s example and show how 
to derive Theorem 3.3 from it. We will use notations from [26]. Set Ic = w and m = 1 
in the definition of the space X from Remark 4.7 of [26], and define Y = Dw+t, where 
the set D w+l C Iw is equipped with the subspace topology inherited from the real line. 
Then 
(a) all finite powers X” of X are Lindelof, and 
(b) Y is a separable metric space (in fact, a subspace of the real line Iw). 
As described on p. 99 and in Remark 4.7 of [26], our space X is a disjoint sum of 
XI,, and each XLfi is (IK, 7Lp), where 7Lp is a topology on the real line Iw such that 
7Vti C 7Lp. Since lVfi is stronger than the usual metric topology on IR, and the latter 
topology admits a weaker compact metric topology, we conclude that each space X&, 
and then X as well, has a weaker compact metric topology. We proved that 
(c) there exists a weaker compact metric topology on X. 
The same arguments as in Theorem 1.5 of [26] show that X x Y contains a closed 
copy of the space (D,+, . 7). Since the latter space is neither normal nor countably 
metacompact, it follows that 
(d) X x Y is neither normal nor countably metacompact.* 
We are now ready to give a proof of Theorem 3.3. To prove item (i), let L = L(X) be 
the free locally convex topological vector space over X. It is well known that L contains 
X as a closed subspace and that X algebraically generates L [ 1,27,12,41]. From the latter 
property and (a) one concludes in a standard fashion that L” is Lindelof for all n E N. By 
the Arens-Eells theorem, there exists a separable normed vector space L’ that contains Y 
as a closed subspace [ 1,231. Then L x L’ contains X x Y as a closed subspace, and from (d) 
one concludes that L x L’ is neither normal nor countably metacompact. Let us now 
prove item (ii). From (a), (c) and Theorem 3 of [29] it follows that X is homeomorphic 
to a closed subspace of a topological field P such that P” is Lindeliif for all n E N. 
*In fact, X x Y is not countably O-refinable. Thus Theorem 3.3 remains valid if one replaces “countably 
metacompact” by “countably O-refinable”. 
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From (b) and Theorem 4.5 we obtain that Y is homeomorphic to a closed subspace of a 
separable metric field P’. Therefore P x P’ contains X x Y as a closed subspace, and 
from (d) one concludes that f x P’ is neither normal nor countably metacompact. 
Theorem 3.3 completely settles Question 3.l(ii) and the corresponding “two groups” 
version of Question 3.2. The case of a single group in Question 3.1(i) is not completely 
resolved in ZFC. Malykhin [21] obtained the following: 
Theorem 3.4. In some model qf ZFC, there exists a herediturily Lindeliifgroup G such 
that G x G is not LindeliiJ: 
However, the following questions are still open: 
Question 3.5. 
(i) In ZFC, does there exist a Lindelof group G such that G x G is not Lindeliif? 
Not normal? 
(ii) Is there a model of ZFC containing a Lindelof group G such that G x G is not 
normal? 
(iii) Is the square G x G of a paracompact group G paracompact? 
(iv) Is the square G x G of a normal group G normal? 
In view of Theorem 3.3 it makes sense to ask also the topological vector space version 
and the topological field version of Question 3.1 (i): 
Question 3.6. Let P be some topological property which is not preserved by finite 
products. 
(i) Is there a topological vector space L with property P such that L x L does not 
have property P? 
(ii) Is there a topological field P with property P such that P x P does not have 
property P? 
Question 3.6(i), and thus the topological vector space version of the next Question 3.7, 
is due to Arhangel’skii [S]. 




Theorem 3.3 makes it natural to ask the following strong version of Question 3.7: 
Question 3.8. 
(i) Is there a Lindelof topological vector space L such that L x L is not normal’? 
(ii) Is there a Lindelijf topological field P such that P x P is not normal? 
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Question 3.9 (van Douwen). In ZFC, is there a countably compact group G such that 
G x G is not countably compact? 
By Theorem l.l(ii), G x G would necessarily be pseudocompact. Malyhin [ 191 showed 
that the group G from Question 3.9 exists under CH, and later Hart and van Mill [ 151 
constructed the group G as in Question 3.9 under Martin’s Axiom for countable posets, 
a weak version of Martin’s Axiom. Unlike the situation with normality and Lindelofness, 
even the easier “two groups” version of Question 3.9 remains open: 
Question 3.10 (van Douwen). In ZFC, do there exist countably compact groups G and 
H such that G x H is not countably compact? 
Now we pass to the discussion of convergence properties. The main breakthrough here 
was made by TodorEeviC [38]: 
Theorem 3.11. There exist (o-compact) Frkchet-Urysohn groups G and H such that 
G x H has uncountable tightness. 
The following theorem was announced independently by TodorEeviC [38] and K. Alster 
and R. Pol: 
Theorem 3.12. There exist two Frkhet-Urysohn jimction spaces C,(X) and C,(Y) 
whose product C,(X) x C,(Y) has uncountable tightness. 
Here C,(X) is the (topological vector) space of all real-valued continuous functions 
defined on a space X with the topology induced from Iwx, see [5]. 
Question 3.13 (Arhangel’skii [2,3]). In ZFC, is there a Frechet-Urysohn group G such 
that G x G is not Frechet-Urysohn? has uncountable tightness? 
Malyhin and Shakhmatov [22] showed that, after adding a single Cohen real to a 
model of Martin’s Axiom, in the generic extension there exists a (hereditarily separable) 
Frechet-Urysohn group G such that G x G has uncountable tightness. 
Question 3.14 [3 1, footnote on p. 1801. Is there a countable Frechet-Urysohn group G 
such that G x G is not Frechet-Urysohn? 
Recently Shibakov [35] gave a positive answer to the above question under CH. 
The previous construction from [20, Section 51 aimed at producing a group G as in 
Question 3.14 via forcing had a gap. See the footnote on p. 180 in [31]. Question 3.14 
is still open in ZFC. 
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Many more questions about convergence properties in topological groups can be found 
in [39, pp. 377-3791. 
Question 3.15. 
(i) Does there exist a Frechet-Urysohn topological vector space L such that L x L 
is not Frechet-Urysohn? has uncountable tightness? (Compare this with Theo- 
rem 3.12.) 
(ii) Does there exist a Frechet-Urysohn topological field P such that P x P is not 
Frechet-Urysohn? has uncountable tightness? 
Question 3.15(i) is due to Arhangel’skii [5]. 
Countable, nondiscrete topological groups without nontrivial convergent sequences are 
easy to construct, but the following question is open: 
Question 3.16 (Arhangel’skii, see [30, Question lo]). Is there a countable, nondiscrete 
topological field without nontrivial convergent sequences? 
TodorEeviC [38] constructed a topological group G such that c(G x G) > c(G), where 
c(X) is the Souslin number of X. Earlier Malyhin [21] showed that the existence of a 
topological group G such that c(G x G) > c(G) = IJ is consistent with (and independent 
of) ZFC. However, the following question from [30] remains open: 
Question 3.17. Does the equality c(Px P) = c(P) always hold for a topological field P? 
Clearly, Question 3.17 is closely related to the following: 
Question 3.18 [30]. Is c(G) = d(G) f or every topological field P? (Here d(X) is the 
density of a space X.) 
It should be noted that Todorcevic [38] also constructed a topological group G such 
that Z(G x G) > I(G), h w ere Z(X) is the Lindelof number of X. (Compare this with 
Theorem 3.4 and Question 3.5(i).) 
4. Embeddings 
Let P be a topological property. The following two “universal” problems are essentially 
due to Arhangel’skii, even though he specifically asked them only for a limited list of 
properties, see the comment after Question 4.3. 
Question 4.1. Can every space with property P be embedded as a (closed) subspace 
into a topological group with property P? 
Question 4.2. Can every space with property P be embedded as a (closed) subspace 
into a topological vector space with property P? 
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The following list of properties ‘P deserves special attention: 





(iv) countable tightness, 
(v) sequentiality? 
Items (i)-(iv) of Question 4.3 are due to Arhangel’skii [2,3,5], but the item (v) seems to 
be new. It might look unbelievable but nothing is known at the present about Question 4.3. 
The only bit of information available now is that the correspondent Frechet-Urysohn 
version of Question 4.3 is false: 
Theorem 4.4 (Nyikos). The countable Frechet-Utysohn fan V, cannot be embedded 
into a Frechet-Utysohn topological group. 
The space VW is the quotient space obtained via identifying the limits of the disjoint 
sum of countably many convergent sequences. Theorem 4.4 follows from Nyikos’ result 
that Frechet-Urysohn groups are strongly FrCchet [24] and the fact that V, is not strongly 
Frechet. 
For topological fields the situation with embeddings is quite different (compare The- 
orem 4.6 with the fact that every space can be embedded as a closed subspace into a 
topological vector space). 
Theorem 4.5 [28,29,34]. Suppose that X has a weaker metric topology (separable met- 
ric topology). Then X can be embedded into some topological field (as a closed sub- 
space). 
Theorem 4.6 [28,29]. Let X be a space which contains at least one injinite countable 
nonclosed subset. Then the following conditions are equivalent: 
(i) X can be embedded into some topologicalJield, 
(ii) there exists a weaker metric topology on X. 
It remains unclear when a space X having all countable subsets closed can be embed- 
ded into a topological field. 
The next question is taken from [30] and is closely related to Theorem 4.6. 
Question 4.7. Let P be an arbitrary topological field. Does there exist a linear order < 
on P such that the set {y E P: y < CC} is closed in P for every z E P? 
The answer to Question 4.7 is “yes” unless all countable subsets of P are closed. 
Indeed, if a topological field P has at least one infinite countable nonclosed subspace, 
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then by Theorem 4.6 it has a weaker metric topology. Since every metric space has the 
linear order with the desired property, the result follows. 
5. Dimension theory 
There exist quite a few beautiful results in the dimension theory of topological groups 
which are specific to topological groups. The interested reader is referred to the survey 
[33] which also contains many open questions in the area. Here we just mention some 
results about embeddings of spaces in topological groups preserving dimensions, with 
emphasis on the progress made after that survey [33] was published. 
In 1978 Bel’nov [7] showed that every space X can be embedded as a closed subspace 
into a homogeneous space Y with dimY = dim X. (Recall that X is homogenenus if 
for every pair 5, ;y of points of X there is a homeomorphism .fZ, : X + X such that 
fZ,(r) = y.) Since topological groups are homogeneous, this motivated Bel’nov to 
ask whether every space X can be embedded into a topological group G such that 
dim G = dim X. Answering this question, the author showed that for n # 0, 1,3.7, the 
n-dimensional sphere S” cannot be embedded into an n-dimensional topological group, 
no matter which dimension function, ind. Ind or dim, is considered [32]. (Compare this 
with the fact that S” is a subspace of the (71 + 1)-dimensional group Iw”“.) The proof 
made use of Adams’ theorem that S” is not an H-space unless 71 = 0, 1,3,7. Of course, 
both S” and S’ are topological groups themselves, and 5” can be easily realized a 
subspace of a 3-dimensional group. The remaining case n = 7 was settled negatively 
by Kato [ 161 who showed that the result about spheres is a particular case of a general 
theorem about manifolds: 
Theorem 5.1 [ 161. A compact n-dimensional manifold W’ without boundary cun be 
embedded into an n-dimensional topological group (if and) only if M” can be equipped 
with the group structure compatible with the topology of APL (in other words, (f AP is 
a topological group itselfi. 
Every zero-dimensional space can be embedded as a closed subspace into a topological 
group G with dimG = 0 [32]. Kimura [17] showed that a figure eight (of dimension 1) 
cannot be embedded into a l-dimensional topological group. Finally, Kulesza [ 181, for 
every 77~ 3 1, constructed an example of a separable compact metric n-dimensional space 
which does not embed into an n-dimensional topological group. The same paper contains 
the strongest negative result: 
Theorem 5.2 [18]. Let J,, be the “Kowalski? hedgehog with LJI many spines”. Then 
CJld, is a l-dimensional metric space such that every topological group which contains 
,J,, as a subspace is injinite-dimensional. 
A finite-dimensional topological vector space is isomorphic to IWn or C.” for some 
n (depending on over what field this topological vector space is considered), and so 
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“dimension theory” of topological vector spaces is trivial. However, one may expect that 
dimension theory of topological fields should be quite interesting. In particular, one may 
simply replace “topological group” by “topological field” in all open questions from [33] 
and get the correspondent open question for fields. Moreover, many known examples of 
topological groups with various dimension properties discussed in [33] do not yet have 
correspondent counterparts for topological fields, so in fact for topological fields we have 
even more open questions than for topological groups. For every n 3 1 Ursul [40] gave 
an example of a separable metric n-dimensional topological field P,. The field P, is 
rather complicated. In particular, it is not homeomorphic to IR” or C”. This may serve as 
an indication that the (future) dimension theory of topological fields will be interesting 
and nontrivial. 
Note added in proof. Professor Shibakov answered Question 3.16 positively. 
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